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Kurt Goedel’s original theorems are reworked using modal logic, propositional calculus, and 
first-order logic. On the basis of those conclusions, two new theorems are developed: (1) The 
Kubacki-Blackmore Theorem of Boundary Conditions argues that in order for something to 
exist, it must have limitations. The Kubacki-Blackmore Theorem of Totality extends the 
concepts of inconsistency and incompleteness across infinite domains concluding that 
everything known, imaginable, and unimaginable must exist in some way. The two new 
theorems indirectly show that God or incomprehensibles must subsequently exist and also 
describe what the formal characteristics of God or the totality of existence would be 
including that existence is fundamentally dialectical. 
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The goal of this paper is to provide the mathematical background and support for the 

more mathematical concepts and proofs used and discussed in the manuscript Re-Thinking 

God and Existence (excerpts at www.rethinking-it-all). The complete mathematical proofs 

for Goedel's Incompleteness/Inconsistency Theorems and the Kubacki-Blackmore 

Theorems pertaining to Totality and Boundary Conditions are presented here. Based on the 

philosophical ideas and arguments of Steven Kubacki, Brian Blackmore, MS, developed 

the mathematical logic for those proofs. Their development will closely follow the 

approaches of provability via modal logic than Goedel's original approach from the point 

of view of counting. Goedel's original approach is easy to find and is explained by multiple 

authors, for example, Peter Smith’s An Introduction to Goedel’s Theorems.  

Though we shall not describe all the necessary mathematics for these results, it is 

appropriate to provide a brief review of those aspects of algebra and logic that are used in 

the proofs of the theorems. If you have seen symbolic logic before, then most of what 

follows will be easily accessible and will serve as a sufficient review of predicate calculus 

and the first order logic necessary for Goedel's theorems. For the rest of you, who have little 

background in this area of mathematics, we apologize for the apparent terseness and 

difficulty in making sense of the proofs. The focus of Re-Thinking God and Existence, 

however, is not the mathematics, which would be a book unto itself, but in the nontechnical 

interpretation and application of these proofs along with pertinent ideas, philosophies, and 

critiques. For those interested in translating the logic and math symbols please see: 

• http://en.wikipedia.org/wiki/List_of_logic_symbols; 

• http://www.philosophy-index.com/logic/symbolic/; 

• http://www.rapidtables.com; 

• http://cas.umkc.edu/Mathematics/. 
In this paper, the mathematics will first be presented with a brief review of logic, predicate 

calculus, first-order logic, and modal logic. These will then be used to demonstrate Goedel’s 
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proofs and then the Kubacki-Blackmore proofs. Secondly, a brief explanation of these proofs 

will be provided as well as their relevance to the existence of God or the incomprehensible. 
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Brief Explanations of Goedel and Kubacki Blackmore Theorems 

(These theorems are more extensively discussed in Kubacki’s manuscript Re-Thinking God 

and Existence.) 

Encapsulating Goedel’s Incompleteness and Inconsistency Theorems 

Goedel's famous Incompleteness Theorem states that in any system of axioms, supposing 

that the system is consistent, there will always be at least one statement pertinent to that system of 

axioms that can neither be proved nor disproved. Any system of axioms is inherently incomplete to 

determine the validity of some statements within that system of axioms. More simply, any theory, 

system, or interrelated set of ideas, that is, anything we can think of, is inherently incomplete. 

There will always be aspects of any system or theory that the system or theory cannot explain, 

account for, or made valid.  

Goedel’s second strong Theorem of Inconsistency proves the following: In any consistent 

axiom system it is impossible to prove that the axioms are consistent. Even more radically, the 

second strong statement proves that if we can show that there is no contradiction in our beliefs, 

then in fact there is a contradiction in our beliefs! 

Applying Goedel’s Incompleteness and Inconsistency Theorems to God  

When applied to explaining God, Goedel’s theorems would conclude that all explanations 

of God are futile because God is the ultimate in incompleteness and inconsistency. This is not to 

say that God is incomplete or inconsistent but that all attempts to define, explain, and specify 

God’s attributes are doomed to insufficiency. Any dogma about God cannot be the truth because 

all dogmas are inherently incomplete and inconsistent. This does not, however, imply that 

statements about God do not provide some understanding about God. Indeed, if any statement 

about God is incomplete necessitating new statements, statements we cannot understand, and 

statements we cannot even articulate and imagine, then together all these statements when 
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extended into infinity might capture the incomprehensibility of God. As we shall see in the 

Kubacki-Blackmore Theorem of Totality, this process of discovery into eternity results in the 

conclusion that God is the Totality of Everything known, imaginable, and unimaginable. 

It should be noted that Goedel himself devised a proof of God’s existence even though he 

stated that he did not believe in God but was toying with how he could use logic for an ontological 

proof of God’s existence. Ontological proofs assume facets of God in their assumptions and then 

in a circular and deceptive way then try to manipulate those very assumptions so they appear as 

evitable properties of God existence. As Goedel would admit, his own Incompleteness and 

Inconsistency Theorems further invalidate any ontological proof. Goedel’s proof was based on 

first assuming that there must be something consistent and complete and therefore that something 

must be God. But as argued by Goedel in his Incompleteness and Inconsistency Theorems, any 

designated something, system, or object cannot be complete or consistent. The ontological mode 

of proving God existence remains unconvincing and a dead end. 

Encapsulating the Kubacki-Blackmore Theorem of Boundary Conditions 

- Every axiom, idea, or experience is either outside our axiom system, and therefore 

necessarily outside the boundary of the axiom system, or is dependent on the axioms in the system. 

- The boundary of any axiom system defines the probability by which questions are 

answerable and unanswerable by the system. 

- The interrelationships between all axioms are a function of the boundary of the axiom 

system. Therefore, the boundary is the key component that permits or denies us the ability to 

absorb new ideas and beliefs. These boundaries help us to form useful or compatible conclusions 

about new ideas and questions. 

- The existence of any axiom or idea, whether or not it is dependent on a system of axioms, 

necessitates the existence of other axioms different from it (its negation) that would also include 
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its opposite. An axiom interpreted or incorporated into a system of axioms is accompanied by its 

negation including its opposite regardless whether the facets of that negation are realized or 

understood.  

- Each axiom or idea that exists in one axiom system is necessarily accessible to all other 

axiom systems and is either part of or outside of that system. 

- Because the axioms that exist outside of a system of axioms are infinite, what we choose 

to incorporate from the outside is a matter of choice and a function of our boundaries. 

Applying the Theorem of Boundary Conditions to God 

You might ask what boundary conditions have to do with God since God has no 

boundaries. Boundary conditions help us to understand God by understanding what God is not. All 

instantiations, examples, things, people, and universes in existence, that is, anything with 

boundaries, cannot be God, though they are aspects of God. The infinite pluralities in existence 

reflect the infinite richness of God as the totality of existence. In Hinduism, God is “neti neti,” not 

this—not this. Without boundaries that enable all things to have a measure of stability over time, 

God would have no expression to his/her/its existence.  

In this sense, God needs all the infinite things, people, universes, etc., that populate the 

totality of existence in order for God to exist. Indeed, if even one thing known, imaginable, or 

unimaginable were denied existence, then God would not exist. For God then would not be all that 

God can be. 

Encapsulating the Kubacki-Blackmore Theorem of Totality 

In the Kubacki-Blackmore Theorem of Totality consider any given set of questions. Then it 

follows that 

- The Totality of Existence is the collection of all axiom systems that can answer any given 

set of questions. These axiom systems are infinite in number, differentiation, and manifestation. 
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- Each axiom system in the Totality of Existence is inconsistent and, thus, incomplete. 

- For each question in a given set, each axiom system either includes the answer to the 

question as an axiom, or the answer follows from a logical combination of the axioms. 

- For any axiom in any system of axioms, every other axiom system in the Totality of 

Existence is either in agreement with the axiom or would be inconsistent if it admitted the axiom 

(namely, a contradiction would form). 

- For any axiom in any system of axioms, there is necessarily an axiom system in the 

Totality of Existence that is inconsistent with that axiom (namely it contradicts the axiom). 

- Any question that is a function of one axiom system is the function of all axiom systems 

in the Totality of Existence. Every axiom and system of axioms is interconnected and 

interdependent, though the probability of accessing and the usefulness of any interconnection or 

interdependence is highly variable. 

- It is because the boundary conditions for each axiom system are different that each axiom 

system is incomplete and dependent on all other axiom systems to answer all questions.  

- The Totality of Existence expands to include all questions for all axiom systems, with 

each axiom system spawning multiple copies, and with one for each possible answer to a question. 

The inclusive nature of this process is the totality of all axiom systems and all questions. 

- Any system of axioms can approach a state of infinite totality by interconnecting with all 

other axiom systems, which are infinite in number. 

In the Totality of Existence, any question that can be asked is either already contained in 

each axiom system, or expands the Totality of Existence so that it is contained in each axiom 

system. Logically, the axiom is already contained in the Totality of Existence. It is merely a matter 

of us not yet being aware of it. 

The Proof for God’s Existence 
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 The proof of God’s existence by means of the Kubacki-Blackmore Theorem of Totality is 

an indirect one. No concept or construct of God is used in that theorem. To the contrary, the proof 

that everything known, imaginable and unimaginable exists in the Theorem of Totality is the 

logical result of Goedel’s Incompleteness and Inconsistency Theorems carried out to infinity. 

There is no mention of God or God-like qualities, as in ontological or metaphysical attempts to 

prove God exists, that were shown to be inadequate and erroneous in earlier chapters. Instead, God 

is made synonymous with the Totality of Existence and in that indirect manner proven to exist. If 

God were not the Totality of Existence, then God would be limited and so not as God has been 

defined—omnipotent, omniscient 

 Atheists can accept the Totality of Existence without having to accept a personal 

relationship with the Totality of Existence, which believers often refer to as God or a spiritual 

universe. They can interpret the Totality of Existence in terms of a scientific model, which is 

comprised of incomprehensibles that may someday be scientifically explained. On the other hand, 

believers can interpret the Totality of Existence as God (Godhead, gods of Agency), which they 

may experience, for example, as a feeling of oneness. That same feeling of oneness could be 

explained by the scientific as a psychological experience and not a spiritual one, though the 

spiritual would contend that its nonordinary and incomprehensible nature are authentic and cannot 

be reduced to psychological explanations.  

In short, regardless of whether an atheist or spiritual interpretation is accepted, the Totality 

of Existence remains logical and necessary. 

Mathematical Proofs of Dialectical Reasoning: A Summary 

Goedel’s Theorems of Inconsistency and Incompleteness and the Kubacki-Blackmore 

Theorems of Boundaries and Totality also constitute mathematical proofs of dialectical reasoning. 

Together they show that: 
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1. The whole is not its parts, but both are independent yet interactive ever 

changing each other. Hence, perpetual inconsistency and incompleteness. 

2. Abstractions/generalities and the unique/anomalous change perpetually through 

their interaction. Through that interaction new abstractions/generalizations 

emerge as well as new unique/anomalous phenomena. We will always have 

abstractions that explain our universe, including mathematical ones, and we will 

always have unique and anomalous phenomena that our 

abstractions/generalizations cannot explain.  

3. Whatever we know, say X, is in constant interaction with its negation, not-X, 

that is, everything that is outside, not part of, or not explained by X. Both are 

perpetually changing in their interactions. 

4. Levels of existence, such as the subatomic, quantum mechanical, physical, 

physiological, psychological, social, literary, musical, aesthetic, the micro-, the 

macro, etc., are independent of each other yet perpetually interact to affect each 

other. All levels provide us with insight into existence. No one level of 

existence is more essential or true than any other.  

5. Emergent properties cannot be predicted based on the properties of its 

constituents or reductive components, for instance, water from its constituents 

hydrogen and oxygen. This includes the emergent properties of most chemicals, 

biochemical processes, intracellular organelles like mitochondria, 

consciousness, and life itself. 
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Brief Review of Mathematical Logic 

Define a set, X, to be a collection of elements with the property that for any object z, 

either z ∈ X (read z is in X) or z ∉ X (read z is not in X). It is said that z either is or is not 

an element of X, and the symbol ∈ denotes "element of". For example, 7.5 ∈ ℝ, but 7.5 ∈ 

Z, where ℝ is the set of real numbers and ℤ is the set of integers. The complete axioms of 

set theory via ZFC (Zermelo–Fraenkel set theory with the Axiom of Choice) will not be 

discussed here, so all the usual cautions (a.k.a. Russell's paradox) apply. 

Denote the usual union and intersection of two sets, A and B, as A ∪ B and A ∩ B; 

they are defined by the property that z ∈ A  ∪ B if and only if z ∈ A or z ∈ B, and the 

property that z ∈ A  ∩ B if and only if z ∈ A and z ∈ B. 

Let A x B be the set of all ordered pairs, (a, b), with a ∈ A and b ∈ B. Officially, it may 

be beneficial to review the properties of the formal Cartesian product, but unless we 

invoke the axiom of choice, it is hoped that the above fluffy definition via ordered pairs is 

acceptable. 

Define the usual set-builder notation where {z|P(z)} is the set of elements z such that 

z is in the set if and only if P(z), where P is any propositional statement (presumably 

returning either the value true or the value false). It should again be noted that this notation 

allows for various forms of confusion (Russell's Paradox), but it will be assumed here that 

all such monstrosities are avoided. As an example of the set-builder notation in action, it 

could be said that A x B = {(a, b) |a ∈ A and b ∈ B}. 

For two sets, A and B, say that A⊆ B if A is a subset of B, which is true if for any a ∈ 

A, a ∈ B. The notation A = B likewise means that A⊆ B and B ⊆ A. Similar to the 
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containment operator, let A ⊄ B denote that A is not a subset of B; this means, in 

particular, that there exists at least one element a ∈ A such that a ∉ B. 

Exercise: Show that if A ∪ B = C, then A ⊆ C and B ⊆ C. Give an example where C ⊄ A and 

C ⊄ B, and an example where C ⊆ A. 

Exercise: Suppose A ∩ B = C. Show that C ⊆ A and C ⊆ B. Show that it's possible that A ⊆ 

C. 

Remark: Let Ø = {}, called the empty set, denote the set containing no elements. 

Hilbert’s grand mathematical goal was to fully formalize mathematics and 

mathematical logic. Hilbert's Programme hoped, in doing so, to guarantee completeness 

(namely the ability of the theory to answer any question about the objects under 

consideration) and to maintain absolute consistency (no axiomatic contradictions). Göedel 

showed, of course, that this is impossible through the two incompleteness theorems. The 

first shows that there is no complete formal system for math, and the second shows that 

you can't establish consistency without being inconsistent. To further understand these 

results, we now turn to the development of symbolic logic. 

 

Logic: Propositional Calculus 

The most basic and straightforward approach to logic is through the system of 

propositional calculus. Due to a certain lack of power in its ability to describe certain 

systems, it shall be expanded by the system of first order logic, and then by a system of 

provability. These structures will allow an approach to Goedel’s Incompleteness Theorems 

and the Kubacki-Blackmore Theorems of Boundary Conditions and Totality. 
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Define propositional calculus to contain formal strings of symbols with variables (P, 

Q, R, P', Q', R', P", P3, etc.), with the constants ⊤ and ⊥, and with symbols →,↔,∧,  ∨, ¬, 

and grouping symbols ( and ). The constants represent true and false, and the symbols 

represent implies, if and only if (or equality), and, or, and not, and the grouping symbols 

work in the expected way. It should be further noted that the behavior of these symbols 

follows the expected behavior of logic; in particular, the usual nature of implication (→) is 

followed  — you will recall the truth table to implication. 

Let a "well formed formula" (WFF) be either a variable or a constant. If A and B are 

WFFS, the following shall also be WFFs: (A →  B), (A ↔ B), (A ∧ B), (A ∨ B), and (¬ A). 

A well formed formula is the basic statement in propositional calculus, namely the only 

type of statements about which much of anything is said. It is clear from the definition 

that more complicated WFFs can be constructed from smaller WFFs recursively. For 

example, even though it may be a bit useless or arcane, the following is a WFF: (⊥→ (C → 

((A → B) → A))). 

Remark: A WFF is said to be a tautology if it is always true and follows from the 

axioms. For instance, ⊤ is a tautology, as is the sample WFF above. While it follows from 

this definition that every true statement that follows from the axioms is a tautology, the 

description of a WFF as a tautology is usually reserved for those WFFs that follows trivially 

from the axioms (like the sample above!). This will become clearer after the definition of 

a formal proof is given below. 

It is possible to reduce the set of logical symbols based on equivalence between their 

operations. For instance, (A  ↔ B) is equivalent to ((A  → B) ∧ (B → A)). Likewise, (A ∧ 

B) is equivalent to ¬ (¬ A ∨ ¬ B). The or operation, (A ∨ B), is equivalent to (¬ A → 
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¬B), and the not operation, ¬ A, is Γ to (A → ⊥ ). It turns out that even true can be 

removed, as T is equivalent to (⊤ →  ⊥). 

It is therefore possible to reduce the symbols of propositional calculus to the grouping 

symbols, the implication symbol (→), and the false symbol (⊥). This is pleasing from the 

point of view that it significantly simplifies the characters that can appear in the formation 

of any WFF, but perhaps distressing in that most statements will henceforth be slightly 

longer and more confusing than with the expanded set of symbols. There are arguments 

for either approach and, as it turns out, both shall be used here. 

For any WFF A, let a formal proof of A be a sequence of WFFS, A1, A2, ... , An, with An = 

A, such that for each i, Ai is either an axiom or follows from the earlier steps and a rule of 

inference. The only rule of inference is modus ponens: If we can prove A, and A → B, then 

we can deduce B. There are, of course, infinitely many that can be chosen as axioms, but 

for the sake of propositional calculus, we shall define only three axioms on which they are 

based. Let A, B, and C be WFFS. The three axioms are: 

[Axiom 1] (A→ (B → A)). This tautology follows quickly from the definition of 

implication. 

[Axiom 2] ((A → B)  → ((A→ (B → C)) → (A → C))). This statement is a bit less obvious, but  

is clear upon brief reflection. 

[Axiom 3] (((A → ⊥) → ⊥) → A). This is equivalent to the statement that (¬ ¬ A → A) in the 

expanded set of symbols. 

It follows from this definition of formal proof that if A has a proof, then A is a 

tautology. Indeed, all axioms are tautologies, and modus ponens preserves tautologies. 
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Therefore, any formal proof preserves a tautology in the sense of transitivity. As 

previously mentioned, though A is a formal tautology in this case, that word may not be 

used to describe a tautology unless it is somewhat clear. 

Exercise: Prove that (A → A). 

Let ⊢ A mean that A has a proof (in the sense given above). Furthermore, for any set of WFFS, 

Γ, let Γ ⊢  A mean that there exists a formal proof of A using Γ as extra axioms. 

Theorem: (Deduction Theorem) If Γ, A  ⊢ B, then Γ ⊢ (A → B). 

Proof: Given Γ and A as axioms, let B1, ..., Bn, be the proof of B. It would be most 

convenient to be able to directly prove that (A → B1), (A → B2), ... , (A —> Bn), but this is 

not necessarily true and some bit of caution is necessary. There are, in fact, three cases to 

consider. 

If Bi is an axiom, then (B, → (A → Bi)) by Axiom 1, and (A → Bi) follows by modus ponens. 

If Bi = A, then (A → A) (see the exercise above), whence A → Bi. 

If Bi follows from the preceding steps by modus ponens, then there exists k < i 

such that Bk → Bi. Since (A → Bj) occurs earlier, and since ((A → Bj) → ((A → (Bj →  Bi)) → (A 

→ Bi))) is an application of Axiom 2, modus ponens allows the deduction of ((A → (Bj →  Bi)) → 

(A → Bi)) . Since (Bk →  Bi), it follows that (A → (Bk →  Bi)), and modus ponens with the preceding 

result gives the desired result that (A →  Bi). 

Thus (A → Bi) for all i, and it is seen that Γ ⊢ (A → B).  

The deduction theorem is useful in establishing proofs for certain statements because 

it allows for quick application of the three axiom schemes. Moreover, it is what our 

intuition about the nature of proofs deems necessary, and we are lucky to find that, in this 

case, our intuition is in fact correct. Following this intuition, we will apply the deduction 

theorem to various statements that the proof of them will be less lengthy. 
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Remark: We say that a collection of	  WFFS, Γ, is satisfiable if they can be made 

simultaneously true. Furthermore, say that Γ is inconsistent if Γ ⊢ ⊥. Note that 

inconsistency follows if the proof exists; our having the proof is immaterial. We thus see 

that Γ could be inconsistent without our having knowledge of it. 

Remark: There are several statements that can be made here regarding satisfiability and 

consistency. In particular, Γ is consistent if and only if Γ is satisfiable. A WFFS, A, is a 

tautology if and only if ⊢ A. Finally, for any set of WFFS Γ, if every finite subset of Γ is 

satisfiable, then Γ is satisfiable. 

These statements pose varying levels of ease and difficulty in terms of their proofs. The 

remark on tautologies follows quickly from the definition of a formal proof, but the statements 

on consistency, satisfiability, and compactness require more space. 
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Logic: First Order Logic 

Though it appears that propositional calculus provides us with a relatively large 

structure, enough so to create many statements about the objects under consideration, 

there are certain typical statements that are made that are quite difficult to pose as a WFF 

of the type previously given. It is therefore necessary to expand our language somewhat, 

that we might more easily discuss those objects that require further description. 

We therefore expand propositional calculus to first order logic by adding variables, x, 

y, z, etc., and various relational symbols, P, Q, etc., that represent 𝑛-ary relations like P 

= P(xi,...,xn). It is possible to add functions as well, f, g, etc., but this is not necessary 

since z = f(x,y) can be represented by a relation R(x, y, z). We add a special binary 

relation, =, with the obvious property that x = y if they have the same value. Finally, in 

addition to the symbols of propositional calculus, we add two quantifiers: ∀, the "for all" 

quantifier, and ∃, the existential quantifier that represents "there exists". 

The last two quantifiers are of primary concern to the discussion as they allow us to 

discuss statements that appear more often in logic and mathematics. For example, 

∀  𝑥  ∃  y (y = x), which is shorthand for the properly-grouped well formed formula 

(∀  𝑥(∃  y (y = x))); this is a tautology since it is clear that x = x, whence it is certainly 

true that "for all x there exists an element y (x itself, for example) such that x = y". 

Based on the new quantifiers and relations, it is necessary to expand our definition 

of a WFF. First, (u = v) is a WFF for constants and/or variables u and v. Next, P(ui, 

...,un) is a WFF for a relation P and constants ui. Third, if u is a variable and A is a 

WFF, then (∀  u A) and (∃u  A) are WFFS. Finally, any WFF as in propositional calculus is 

clearly a well formed formula for first order logic.	  

Having variables and constants allows us to talk in a concise fashion about the 

nature of mathematical objects. Variables will be particular mathematical objects 

(represented integers, for example), and constants will be specific instances of those 

objects (for example, the zero element). First order logic will thus be more natural to 

use to describe objects and their properties. 
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It should be noted that it is necessary to determine the scope of a quantifier, and it 

shall be assumed, therefore, that the scope of each quantifier is the WFF immediately 

following it. Any quantified variable is bound inside the scope of that quantifier, and is 

otherwise said to be a free variable. As an example, it is possible to write such 

nonsensical WFFS as ∀x∃x P(x, x, x), but it is clear that this foolishness will only lead to 

more confusion. We are much more likely to encounter WFFS such as ∃x P(x, y), which 

has x as a bound variable and y as a free variable. 

Moreover, based on this notion of scope, it is clear that each variable is controlled by the 

most recently preceding quantifier, whence the statement ∀y∃x∀y Q(x, y) has a variable y inside 

of the relation Q, and that y is controlled and bound by the second ∀y, not the first. This 

would be more obvious if we adhered to the notion of proper grouping of WFFS, as per 

the definition of WFF given, but it is somewhat clear why we avoid this: 

(∀y(∃x(∀y(Q(x,y))))). 

It is possible to give several examples of the use of first order logic. First, modern 

set theory has variables in first order logic that represent the sets themselves. The 

primary relation of sets is containment (∈), from which it is possible to derive certain 

axioms (ZFC, Axiom of Choice, etc.), as well as the definitions of subsets, supersets, 

and so forth. As an example, consider the	  WFF: ∀x(x ∉  ∅), which is equivalent to ∀x((x 

∉ ∅) → ⊥), which is equivalent to ¬  ∃x(x ∈ ∅), which is equivalent to (∃x(x ∈ ∅)) → ⊥, 

and so on and so on. 

As another example, consider group theory, which has a constant (1, the identity element), 

two functions, namely multiplication (  ⋅) and the inverse operator (□-1), and the axioms of group 

theory:  

∀𝑥∀y∀z((x ⋅ y) ⋅ z) = (x ⋅ (y ⋅ z) 

∀x(x ⋅ (x-1) = 1) 

∀x((x-1) ⋅ x = 1) 

∀x(x ⋅ 1 = x) 

∀x(1 ⋅ x = x) 
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Remark: While it is possible to consider Second Order Logic, instead of First Order 

Logic, it is problematic because while it does permit certain complete axiom systems, it 

has no complete proof theory. As we are interested in the ability to justify statements, we 

must then utilize First Order Logic, which does have a complete proof theory. Using First 

Order Logic, however, presents the problem of incompleteness. 

Modal Logic 

To facilitate the proofs of incompleteness, we shall make use of the notation of 

normal Modal Logic, which extends First Order Logic by adding the notation □A to mean 

that "A is provable". Indeed, the classic modal notation for □ suggests the meaning "A is 

not possibly false" or that "A is necessary", but as we are currently interested in the 

notions of axioms and what resulting theorems are in fact provable, it is much more natural to 

use that interpretation here. Do not confuse this notion of provability with the definition of ⊢ A 

given above. 

In modal logic, we also add several axioms of relevance to □. Normal modal logic would 

make use of the following: 

[Ml] If Γ ⊢A, then Γ ⊢□A. 

[M2] Γ ⊢ (□A → □□A). 

[M3] Γ ⊢  (□ (A → B) → (□A → □B)). 

Axioms M1 and M3 form what is usually viewed as a rather weak form of modal 

logic, and by itself is insufficient to even imply M2, which is entirely independent of 

Ml. It is sometimes convenient to add another axiom, namely that □A → A (called the 

axiom of reflexivity), but this will not be required to prove Goedel’s theorems. 

Lemma: (□A ∧□A) →   □ ⊥ 

Proof: 

 

Γ ⊢ A → (¬A  → ⊥) Definition 
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Γ ⊢ □ (A → (¬A → ⊥)) M1 

Γ ⊢ (□A → □(¬A → ⊥)) M3 

Γ ⊢ (□A → (□¬A → □⊥)) M3 

Γ ⊢ ((□A ∧ □¬A) → ((□¬A → □⊥) ∧ □ ¬A))   

Γ ⊢ (□A ∧ □¬A) → □⊥  

Because of this result, it is convenient to extend the notion of inconsistency 

mentioned above (namely Γ ⊢⊥). We shall say that Γ is inconsistent in the sense of what 

is provable if Γ ⊢ □⊥. Since the axiom of reflexivity is not presently assumed, 

inconsistency in the sense of provability does not imply logical inconsistency. 

Goedel 

In sufficiently powerful axiom systems built on top of first order logic and the 

basic modal logic, it is possible to consider the provability (or 'necessity' or truth') of 

statements such as, “This sentence is unprovable.” If, in fact, the sentence is provable, then 

it is provable that the sentence is unprovable and we have a logical contradiction (namely 

an inconsistency). If, on the other hand, the sentence is not provable, then the sentence is 

true, whence unprovable, and again we have a contradiction. The existence of such a 

sentence, namely one that refers to itself, therefore leads directly to inconsistency. 

There are other ways to formulate such sentences, such as the notion of falsehood 

put forth by Quine or the Liar Paradox. All such sentences make use of explicit or 

implicit self-reference, and it is this that may lead to inconsistency. In particular, we 

wish to follow Goedel by taking such a notion and applying it to provability in an axiom 

system. 
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Goedel’s construction is applied to an axiom system by first assigning to every WFF a 

unique integer value, which could also be obtained via lexicographic ordering on the 

possible symbols in a WFF or might result in a mapping where certain integers produce 

non-well-formed formulas. Numbers are also assigned to finite sequences of relations. 

The construction proceeds by showing that a specific formula can be constructed that 

yields a Goedel’s' sentence, such as "This sentence is unprovable". This sentence is, of 

course, given in the language of a WFF, and can be written as A ↔ ¬ □A. The specifics of 

this first part of Goedel’s theorem are a classic result, easily found in various references, 

so we will not reproduce them here. 

Suppose that we are dealing with a system of axioms, Γ, that is consistent in both 

senses given above. The Goedel construction shows that there must exist a WFF A such 

that Γ ⊢ (A ↔ ¬ □A).  

Then we have the following: 

Theorem: (Goedel’s First Incompleteness Theorem)  

If Γ ⊢ (A ↔ ¬ □A and Γ ⊬□⊥ (that is, Γ is not inconsistent), then Γ ⊬A and Γ ⊬ ¬  A. In 

other words, if Γ is consistent, there exists a statement that can neither be proved nor disproved. 

Proof: Suppose that Γ ⊢ A; then Γ ⊢ □A (by M1). By the Goedel construction, 

however, A → ¬□A, so it is also true that Γ ⊢ ¬□A. Therefore, Γ ⊢ (□A ∧ ¬□A), 

whence Γ ⊢⊥, which is a contradiction. 

Suppose, on the other hand, that Γ ⊢ ¬A. By Ml, Γ ⊢¬□A, but using the Goedel sentence, ¬A 

↔   ¬¬□A, whence we also have that Γ ⊢□A. Then Γ ⊢ (□A ∧ ¬□A) and, by the Lemma, Γ 

⊢□⊥, a contradiction. 
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Therefore, it follows that Γ ⊬A and Γ ⊬ ¬A •  

Theorem: If Γ is consistent then there is no proof that Γ is consistent using only the 

axioms in Γ. 

Proof: Suppose not, namely that Γ⊢ (¬□⊥). Consider the WFF A as in the first 

incompleteness theorem, namely that Γ ⊢ (A ↔ ¬□A). Since F is consistent, Γ ⊢¬□A by 

the first incompleteness theorem. This, however, means that Γ ⊢ A and Γ ⊢□A, from 

which it follows that Γ ⊢ (□A ∧ ¬□A),whence Γ ⊢□⊥.  

Kubacki-Blackmore Theorems 

For any consistent axiom system Γ and WFF A from the first incompleteness theorem, 

we have that A is independent of the axioms in Γ; in particular, {Γ, A} and {Γ, ¬A} must 

also be consistent. That {Γ, A} and {Γ, ¬A} are consistent in the sense of provability 

cannot be shown due to the second incompleteness theorem, except as would be permitted 

by the axiom of reflexivity, which by itself is perhaps not that strange of an axiom if it is 

only limited to the specific case (□⊥→ ⊥). 

Nevertheless, it is thus possible to construct a collection of axiom systems in the 

following way: Start with first order logic and modal logic as described above. By 

Goedel’s First Incompleteness Theorem, there exists A0 such that ⊢ (A0 ↔ ¬□A0) that is 

entirely independent of first order logic or modal logic. Construct Γ1 = {A0} and Γ0 = 

{¬A0}. There are now two ways to proceed. 

The first, and most natural approach, is to utilize a Goedel sentence from either Γ1 or 

Γo to form an extension of both. Indeed, as shown by Goedel , notice that there is an 

infinite collection of WFFS (call them B) that can be formed for Γ1. In particular, there 

exists B0 that is independent of the axioms of Γi; that is, Γ ⊬B0 and Γ ⊬¬B0. After 

'patching' the hole in Γ1, however, Goedel’s theorem also gives the exists of a WFF B1, 

which is independent of WFF	  Γ1 ∪ {B0}. This continues indefinitely, namely there exists B2, 
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B3, . . ., with the property that Bi is always independent of Γl ∪ {B0,…. ,Bi - 1}. There is a 

similar chain of WFFS for Γo, as well, which could be represented as Γo ∪ {Co,C1,…}. 

Notice specifically that any Bi, being independent of Γ1 ∪ {B0,…., Bi -1 }, is also 

necessarily independent of Γi, and likewise is any Cj independent of Γo. There are always an 

infinite number of extensions available for each of Γo and Γ1; these are not necessarily all of 

them, just the nicest and most natural ones to consider. 

It should be noted that no indication is made as to the complexity of the Bs and Cs. 

They may very well be rather trivial statements, though still extensions to the system, 

but this will depend on the manner in which they are chosen. Historical examples 

suggest that, as axioms they are not chosen haphazardly; most extensions will be quite 

substantive in nature. 

Utilizing one of these WFFS gives an extension of Type 1. In particular, if there exists Bi such 

that Bi is also independent of Γ0, then extend both Γi and Γ0 (using the smallest such i, for 

example) by creating the following four sets of axioms: Γ11 = Γ1 ∪ {Bi}, Γ10 = Γ1 ∪ {¬ Bi}, and 

Γ01 = 𝛤0 ∪  {Bi}, Γ00 = Γ0 ∪ {¬ Bi}. Each of the four are consistent (but this cannot be proved in 

the sense of provability due to the second incompleteness theorem as explained above). 

If no such Bi exists, then consider the Cs. Namely, if there exists Cj such that Cj is 

also independent of Γ1, then extend both Γ1 and Γ0 by creating the following four sets of 

axioms: Γ11 = Γ1 ∪ {Cj}, Γ10 = Γ1 ∪ {¬Cj}, Γ01 = Γ0 ∪ {Cj}, and Γ00 = Γo ∪ {¬Cj}. Again, 

the most natural choice will likely be to use the smallest value of j. 

Using either choice, we now have four sets of axioms: Γ11, Γl0, Γ01, and Γ00. Notice 

that each set of axioms is consistent, and that each can be distinguished from the others 

by at least one axiom. In particular, each axiom system is necessarily independent of 

the others in the sense that a contradiction would exist in any attempted union with any 

of the other axiom systems. 

Notice that this process can now be repeated. In particular, for each of Γ11, Γl0, Γ01, 

and Γ00, there exists an infinite chain of independent WFFS as given by Goedel’s first 

incompleteness theorem. If one of these WFFS can be found, call it A, that is independent 
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of each of the four Γs, then each can be extended to give: Γ111 = Γ11 ∪  {A}, Γ110 = Γ11 ∪

  {¬A}, Γ101 = Γ10 ∪ {A}, and so forth (there are eight in all). Continuing indefinitely gives the 

collection, {Γ𝛼 | ∈   ℤ}, where the binary representation of a indicates whether each WFF is 

included as an axiom, or whether its negation is included as the axiom. 
There is, however, a concern. While the Goedel sentences provide the most natural 

extensions, it is by no means necessary that one will be found that is independent of all 

the Γs up to that point. In fact, a great deal of effort typically goes into determining 

precisely what axioms are independent of those already in use, generally so that the 'new' 

axiom is as clear and concise as possible (which is generally more useful). Nevertheless, 

such an axiom is unlikely to be one of the Goedel sentences. While the Goedel sentences 

provide the most useful information for the incompleteness theorems, they can only 

serve as guides to extend most axiom systems, and a more refined extension will have to 

be chosen. 

Define, therefore, an extension of Type 2. Consider a collection of axiom systems, Γ, 

containing axiom systems, Γi, that have been extended as above. It should be noted that 

the collection Γ may be finite, but will still be countable, so the index i ∈ ℕ is perfectly 

reasonable; though obviously not as representative as the 𝛼 used above, it will be 

sufficient here. In the absence of a Goedel sentence that extends the system, consider an 

arbitrary WFF A. If there exists A such that A is independent of all Γi, namely that Γi ⊬ A 

and Γi ⊬¬A for all i, utilize this A to form an extension of each axiom system. This Type 2 

extension would create two new systems of axioms for each Γi, namely: Γi1 = Γi ∪ {A} and Γi0 = 

Γi ∪ {¬A}.   
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For the sake of notation in the theorems below, define the boundary (bdy) of Γ to be bdy 

Γ = {A | Γ ⊢A or Γ ⊢¬ A}. Notice that A ∈ bdy Γ implies ¬A  ∈ bdy Γ. The boundary of Γ will 

describe the complete behavior of Γ. 

 

 

 

Theorem: (Kubacki-Blackmore Theorem on Boundary Conditions) 

For any WFF A, either A is outside the boundary of Γ, or A is dependent on the axioms 

of Γ. The boundary thus defines which WFFS are provable or unprovable by Γ. Moreover, 

the behavior of Γ, while being determined by the axioms of Γ, is fully described by bdy 

Γ. In particular, bdy Γ provides a unique description of Γ even though there may exist a 

different collection of axioms,  Ψ, that has the same behavior. 

Proof: For any WFF A, if A ∉ bdy Γ, then A is independent of Γ. Otherwise, Γ ⊢A or 

Γ ⊢¬A. Moreover, since Γ is defined, it is clear that bdy Γ is unique. 

To show that Γ may not be unique (in the sense of the theorem), find an 

appropriate Ψ. In particular, if Γ≠ bdy Γ, take Ψ  = bdy Γ − Γ to obtain Ψ ≠ Γ (in fact, Ψ ∩ 

Γ = ∅) such that bdy Ψ = bdy Γ. Indeed, suppose that bdy Ψ ≠ bdy Γ; note that bdy Ψ ⊆ bdy Γ. 

Then there exists a	  WFF 𝜑 such that, without loss of generality, Γ ⊢𝜑 but bdy Γ − Γ⊬ 𝜑. The 

only way this is possible is if 𝜑 ∈  Γ, which is a contradiction. Since there are obviously axioms 

for which there are nontrivial results (i.e., Γ≠ bdy Γ), it follows that Γ will often be non-unique 

in the sense given. 
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Theorem: (Kubacki-Blackmore Theorem of Totality)  

These two extensions can be utilized to form a collection, Ω, of axioms systems with the 

following properties: 

• Each Γ ∈ Ω is consistent. 

• For any Γ∈ Ω, and any A ∈ Γ, and for any Ψ ∈ Ω (Ψ ≠ Γ), either Ψ ⊢ A or Ψ ⊢¬A. 

• For any Γ∈ Ω, and any A ∈ Γ, there exists Ψ ∈ Ω such that Ψ ⊢¬A. 

• Any question A that is independent of some Γ is independent of all Γ. 

Proof: The first three points follow immediately from the Type 1 and Type 2 constructions 

given above. The final point requires refining some of the Γ. 

In particular, suppose there exists a WFF C that is independent of some axiom systems 

in Ω, but for which there exists Ψ ∈ Ω such that either Ψ ⊢ C or Ψ  ⊢¬C (that is, C ∈ bdy 

Ψ). Suppose first that Ψ ⊢ C, and consider each Γ ∈ Ω for which C is independent of Γ. 

Construct the refinement of Γ given by Γ ∪  {¬C}; we shall verify that the above 

properties hold. 

Notice first that if Γ ∪ {¬C}⊢⊥ then, by the Deduction Theorem, Γ ⊢ ¬C → ⊥; but that 

means Γ ⊢ C, a contradiction. Thus Γ ∪ {¬C} is consistent. 

For any A ∈ Ψ, it is still certainly true that A ∈ bdy Γ ∪ {¬C}. For the other direction, note 

that A ∈ Γ is already in bdy Ψ if A ≠ ¬C; but if A = ¬C, then A ∈ bdy Ψ since Ψ ⊢ C. 

Finally, since Ψ ⊢C but Γ ∪ {¬C}⊢¬C, the third property holds. 

In this way, Γ is refined so that it satisfies property four (relative to Ψ). If Ψ ⊢¬C, on 

the other hand, refine Γ by including C. The proofs of compliance with the above 

properties are identical.  

Remark: It should be noted that the axiom systems in Ω (above) are well-behaved 

with regards to the boundary. In particular, consider Γ, Ψ ∈ Ω. For any A ∈ F, A ∈ bdy Ψ 

by the Theorem of Totality. Moreover, for any A ∈ bdy Γ, A or (¬A) is either an axiom 
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of Γ or follows from the axioms of Γ and, by the Theorem of Totality, each of those 

axioms is in the boundary of Ψ, whence A ∈ bdy Ψ (or ¬A ∈ bdy Ψ, which is the same 

thing); and vice-versa. In particular, bdy Ψ = bdy Γ for all Γ and Ψ in Ω. 
 


